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Structural Response of Thin Cylindrical Shells Subjected to
Impulsive External Loads

Steven W. Kirkpatrick* and Bayard S. Holmest
SRI International, Menlo Park, California

Thin aluminum cylindrical rings and shells were subjected to impulsive external loads applied with explosives.
Experimentally observed structural response mechanisms consisted of dynamic pulse buckling and large inward
deflections of the loaded side of the shell. This structural response was analyzed with the DYNA3D finite-element
code. Finite-element modeling of the response required modeling of initial imperfections in the geometry of the rings
and shells and modeling of imperfections in the load in order to reproduce the observed buckling response. The effects
of finite-element mesh refinement, initial imperfection amplitude, and imperfections in load are investigated. Methods
for obtaining good solutions to this pulse buckling problem with finite-element codes have been noted.

Introduction

WHEN a cylindrical thin shell is subjected to an external
impulsive load, the resultant inward motion of the shell

increases compressive hoop stresses in the shell and can cause
buckling. This pulse buckling is precipitated by an amplifica-
tion of initial imperfections in the shell geometry, irregularities
in shell material properties, or irregularities in the load. Pre-
vious theoretical and experimental work1 concentrated on the
onset of buckling and determining the threshold loads needed
to produce buckling. The relationship between impulse and
damage beyond the threshold load was determined mostly
by experiment. Because the displacements associated with
threshold pulse buckling are small, the governing equations
can be linearized and more easily solved. Reference 1 lists a
large body of theoretical work on the pulse buckling of cylin-
drical shells and other structures treated in this manner.

We performed experiments on ring structures and cylindrical
shells made from 6061-T6 aluminum. Both structures had a
thickness of 0.635mm and a radius of 152.4mm giving a
radius-to-thickness ratio of 240. The shell structures had a
length-to-diameter ratio of 1/2 with fixed ends. The experi-
ments used impulse intensities three to four times greater than
those required to produce threshold buckling. At these high
load levels, the shell response includes large displacements and
rotations, and the loaded side of the shell becomes significantly
indented, producing large axial strains. At high enough loads,
the axial stretching results in a circumferential fracture at the
shell midplane.

We used the DYNA3D computer code developed at
Lawrence Livermore National Laboratory2 in the analysis of
shell response. Recently, a variation of the Hughes-Liu shell
element3 was implemented into DYNA3D.4 As implemented in
DYNA3D, this is a four-node element with single-point inte-
gration and hourglass viscosity. The Hughes-Liu element offers
the advantage of allowing a time step size that is insensitive to
shell thickness and larger than that for corresponding brick
elements. This feature permits more economical solutions and
is important in applications where many elements are required
for a good solution, as here.
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In the following, we first review some past work on related
buckling of shells. This work shows how buckling response is
influenced by shell material properties and geometry as well as
load characteristics. We then describe the experimental tech-
nique used to load the shells and the results of the experiments.
The responses of the rings and the shells have features that can
be seen in many structural impact and blast loading applica-
tions. Finally, the finite-element code is used to study the buck-
ling response. This application shows the importance of
element size and initial geometry in obtaining good solutions.
Furthermore, the solutions shed light on the nature of the
response that previous analytical solutions of the linearized
shell equations could not show. Recommendations are made
for structural response calculations within this class of pulse
buckling problems.

Background
Dynamic buckling processes are different from static buck-

ling problems in that the buckling depends on load history as
well as load magnitude. The dependence arises because buck-
ling results from the growth of initial imperfections in the
structure in response to the applied load, which for a time
exceeds the static load required to cause buckling. In general,
the imperfections exist at all wavelengths, and the applied load
is sufficient to cause the growth of many wavelengths at once.
Although shorter wavelengths can grow faster, the load may
exceed the static buckling load for these wavelengths for a
shorter time. The final shape of the structure, which depends to
a great extent on the buckle wavelength, thus depends on the
competing growth of many buckle patterns.

Past analytical solutions for cylindrical shells under an exter-
nal impulsive load first sought to find the threshold impulse
that would produce buckling and the most amplified wave-
length for the load. Solutions were obtained by assuming that
the inward motion of the shell and the compressive hoop
stresses were independent of the buckle growth. In addition,
the solutions did not include the nonlinear effects of strain rate
reversal as buckles grew large. For thick aluminum shells with
radius-to-thickness ratios (a/h) of less than 100, the compres-
sive stresses become large enough to cause the material to yield
before it can buckle. Abrahamson and Goodier5 derived equa-
tions for the buckling of these shells in which the buckling
response is governed by the tangent modulus of the material.
For very thin shells [a/h > 400], the buckling occurs while the
material is still elastic. Goodier and Mclvor6 first derived the
equations of elastic stability for these shells, and Lindberg7

applied their equations to the problem of dynamic pulse buck-
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ling. Lindberg also solved the equations for buckling of inter-
mediate and thin shells [100 < a/h < 400], in which the
material response is described by a varying tangent modulus.
The effect of transient external pressures where the duration of
the pressure pulse is no longer small in comparison with the
structural response time was investigated by Anderson and
Lindberg.8 All of these solutions predicted the critical loads for
pulsed buckling fairly well but not the response beyond the
initial buckling. For all but the thick-shell analysis, experimen-
tally observed mode numbers were lower than predicted.

The aforementioned solutions are based on the amplification
of initial imperfections, which must be known a priori. In their
formulation of the equations for plastic flow buckling, Abra-
hamson and Goodier noted that imperfections in shell geome-
try, material properties, and initial inward velocity of the shell
could all influence the buckling. For simplicity of analysis, they
treated imperfections in velocity resulting from nonuniform
load application only. Anderson and Lindberg8 later showed
that the effect of radial shape imperfections would supersede
the effect of velocity imperfections on pulse buckling of a thin
aluminum shell if the magnitudes of the radial imperfections as
a fraction of the wall thickness were comparable to the magni-
tudes of the velocity perturbations as a fraction of the initial
velocity.

In this study, we are concerned with the response of thin
shells with a radius-to-thickness ratio (a/h) of 240 at load levels
well above the buckling threshold. The test cylinders were im-
pulsively loaded over the front face of the shell. The load was
cosine in distribution from — 90 to + 90 deg with the maximum
load at the zero-degree position. Under these conditions, the
buckling on the loaded side of the shell is similar to the uniform
buckling produced by an axisymmetric impulse, but the buck-
ling impulse threshold is increased. The increase ranges from
20% for plastic flow buckling of thick shells to 100% for elastic
buckling of very thin shells.1

Experiments
In all our experiments, loads were produced using the spray

lead at target (SPLAT) impulse simulation technique,9 in
which the load is produced by the impact of a spray of lead
particles created by the detonation of an array of mild detonat-
ing fuses (MDF). MDF consists of a lead sheath over a core of
PETN explosive and closely resembles rosin-core solder. The
cosine impulse distribution is produced by varying the standoff
and spacing of the MDF strands around the loaded side of the
test cylinder. In any given experiment, the magnitude of the
load is known to within ±10%. Figure 1 shows the distri-
bution of strands used to obtain the cosine load in the shell
experiment.

A test ring and shell were made from 6061-T6 aluminum
sheet stock rolled and welded into 30.5-cm diam cylinders. The
sheet stock was 0.635 mm thick, resulting in a radius-to-thick-
ness ratio for the test cylinders of 240. The ring had a length of
5.1 cm and the shell had an overall length of 25.4cm. The
cylindrical shell was welded over heavy end rings, which were
5.1 cm wide, giving an unsupported test length of 15.2 cm. The
shell was bolted into a heavy steel test frame to obtain a fixed
boundary condition at both ends.

The early-time buckling response was studied first using the
ring. The load on the ring was cosine in distribution with an
amplitude of 120 (±12) Pa-s. An axial-view flash x-ray pho-
tograph of the ring was taken at 120 ^us after load application
to look at the buckled shape of the ring while the displacements
were small. The deformed shape of the ring at 120 ^s is shown
in Fig. 2. The early-time response of the ring shows a relatively
uniform buckling pattern on the loaded side of the ring with a
mode number of approximately 50. The peak-to-peak displace-
ments of the buckles vary between 1 and 3 mm.

In the shell experiment, the load was increased to a peak
impulse intensity of 210 (±21) Pa-s. High-speed movies were
taken of the shell to show its overall response, and strain gages
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Fig. 1 Distribution of MDF strands.

t = 0

0° - Point of Peak Load

Fig. 2 Ring displacements measured with flash x-ray.

Fig. 3 Deformed shape of experimental shell.

were placed' on the inside of the loaded side of the shell. The
output of the gage measuring the axial strain at the center of
the loaded side of the shell is compared later with analytically
predicted strain. The final deformed shape of the shell is shown
in Fig. 3. Pulse buckling is evident on the front face of the shell
with the predominant mode numbers between 35 and 40. Table
1 gives the dominant buckling mode numbers, the average in-
ward deflection at the midplane, the buckle amplitude, and the
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Table 1 Comparisons of measured and calculated shell responsea

Calculations

Parameter

Dominant mode no.
Average deflection, mm
Buckle amplitude, mm
Maximum deflection, mm
Axial strain, %

Experiment

35^0
22
10
28
1.5-7.28

Idealized shape
imperfections only

35-40
20
6

24
1-9

Measured shape
imperfections only

35^0
16
5

19
1-7

Measured shape
imperfections with

estimated load
imperfections

35^0
19
6

22
1-8

aValues at shell midplane near 0 deg. bMeasured at discrete locations.

measured maximum inward deflection of the shell. The axial
strain history at the shell midplane along the 0 deg position was
measured with a strain gage, and the peak axial strain recorded
at that position was 5.7%. Other axial strain measurements
made with surface markings ranged from 1.5 to 7.2%. Inspec-
tion of the strain measurements showed that the magnitude of
the axial strain varies a great deal with respect to the buckle
pattern, with the largest strains along a crest of an inward
buckle. Because of this variability, the magnitude of the mea-
sured axial strain is influenced by the position of the strain
gage.

Imperfection Measurement and Idealization
The initial shape imperfections in the shell must be included

in the finite-element mesh to reproduce the buckling re-
sponse.10 Two sets of imperfection distributions are used in
calculations presented here. The first set is based on past mea-
surements of the imperfections in thin shells. This set is ideal-
ized in that it is generated by a simple algorithm and has the
generic characteristics of imperfections found in most thin
shells. The purpose of this idealized imperfection algorithm is
to provide a general format that can be used in calculations
without making detailed measurements on the particular shell
being analyzed. The second set of imperfections was that mea-
sured on the shell.

Idealized Shape Imperfections
Measurements of shape imperfections in cylindrical shells

have been made to supplement buckling analyses.11'12 The
form of the imperfections measured in these studies depends on
the manufacturing process, but the imperfections in most shells
have similar characteristics. In particular, the predominant im-
perfections form ridges along the length of the shell. At the
lower mode numbers, these ridges run the entire length of the
shell. In addition, the modal amplitude of the imperfections
decreases with increasing mode number.

From the data in Ref. 12 on cylindrical aerospace shell struc-
tures several feet in diameter, we assumed an idealized expo-
nential distribution in amplitude that fits much of the available
data. In addition, we assumed that the phase angle of the
modal contribution <j)n was a random variable. These assump-
tions led to the following idealized form for shape imperfec-
tions in our initial calculations:

(la)

with

0<10)

(Ib)

where AT? is the error in radius, TV the highest mode number
included in the characterization, n the mode number, An the

modal amplitude, </>„ the random phase angle of mode n, and h
the shell thickness. Note that the amplitude of modes below 10
is held constant to limit the magnitude of AT?. This is in keeping
with much of the available data. Furthermore, because these
modes do not contribute to the buckling process studied here,
their absolute magnitude does not affect the results of our
calculations.

Most of the calculations in this paper use this so-called ideal-
ized form of geometric imperfection. In these calculations, the
highest mode number included was 200, and values of AR at
nodes of the finite-element mesh were generated using a ran-
dom number algorithm to find the corresponding (/>„.
Measured Shape Imperfections

In addition to estimating shape imperfections in the ring and
shell from past measurements, we measured the shape imper-
fections in the shell before testing. We mounted the shell on a
modified lathe bed with a potentiometer to measure the angu-
lar position of the shell and a linear voltage displacement trans-
ducer (LVDT) to measure the .radial position of the shell
surface. Output from the LVDT was recorded on a digital
oscilloscope while the shell was rotated at a constant angular
velocity. Approximately 1800 data points were obtained
around the shell, and this measurement was repeated at 31
evenly spaced axial locations. Figure 4 shows a three-dimen-
sional plot of the initial imperfections measured on a shell.

The distribution of the idealized imperfections was com-
pared with the measured distribution using a fast Fourier
transform (FFT) technique. For the estimated imperfections,
the amplitude of the modal imperfections is simply the An. For
comparison, an FFT of the measured imperfections at the shell
midplane was performed to obtain the amplitude of the modal
imperfections. The transformation required recasting the data
into 1024 (210) points using linear interpolation. Figure 5
shows both the idealized imperfection distribution (An) and the
Fourier coefficients approximated by the FFT for the measured
imperfections. In Fig. 5, the coefficients are connected with
continuous curves to facilitate comparison. The amplitude of
the idealized imperfections appears to be a good approxima-
tion to the measured imperfections at the lower mode numbers,
but above a mode number of 15, the amplitude of the measured
imperfections drops off* much more quickly than the idealized
imperfections. The amplitude of the measured imperfections
are lower than the idealized imperfection by a factor of 4 at a
mode number of 25 and by nearly an order of magnitude at a
mode number of 50. This is probably an effect of the small scale
of the shells tested here in contrast to the large shells used to
form the data base in Ref. 12.

Load Imperfections
The array of MDF providing the load in the experiments is

designed to produce a smooth, nearly cosine load without any
ripples. Imperfections in the load distribution can be caused by
the ripple introduced by each individual strand, nonuniformity
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Fig. 4 Measured initial shape of shell (radial magnification = 200). 48.0

3.2x1CT3

Measured Imperfections

Idealized Imperfections
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MODE NUMBER

200

Fig. 5 Modal composition of imperfections.

of the MDF strands, and imperfections in the locations of the
strands in the experimental setup. Previous analysis of the
SPLAT technique9 investigated the ripple in the load resulting
from the individual MDF strands, under the assumption that
each strand was perfectly placed. It was shown that making the
standoff distance of the MDF array greater than twice the
spacing between the strands made the ripple negligibly small if
the strands were perfectly placed. For example, an infinite flat
array with a standoff-to-spacing ratio of 2.0 has a theoretical
ripple of less than 0.01% of the impulse delivered. However, in
practice, the array positions of the MDF strands deviate
slightly from their ideal design locations and the ripple in the
load is much larger.

To estimate the effect of location errors, we calculated the
impulse distribution on the shell surface from each strand in

MDF Strand Location

\ \ \ \A \ \\ \A\\ >

Fig. 6 MDF geometry.

the MDF array and then summed the contribution of all the
strands. The geometry of this problem is shown in Fig. 6. From
Ref. 9, the normal impulse intensity delivered at a given posi-
tion on the shell x from the ith MDF strand located at Xi9 Yt

mV
(2)

where m is the total mass of lead per unit length of MDF, Fthe
uniform velocity of the expanding spray of lead, St the standoff
distance of the MDF strand from the shell, and a, the angle of
obliquity shown in Fig. 6. The total impulse delivered can be
found by summing the contributions of each strand9

my
(3)

where P is the total number of strands.
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The fractional change in the total impulse is found by taking
the derivative of Eq. (3) with respect to Sf and af:

/(*)
3 cos2a/ sina, Aa£- cos3a.-

(4)

The changes in a£- and 5f- resulting from the deviations in the
strand locations AX and AF are found from the problem
geometry as

AS^AF (5)

Aa/ ̂  tan (6)

The strand location errors AXf and A Yt are assumed to be
independent and random with a normal distribution. The dis-
tribution of strand locations in actual arrays was measured
from photographs of the arrays. A normal distribution of dis-
placements with a standard deviation of 1.5 mm was found to
be a good approximation of the errors in strand location.

400

4 6 8

TRUE STRAIN (%)

Fig. 7 Measured stress-strain curve for simple tension and bilinear
approximation.

a) 1024 elements. b) 512 elements.

c) 256 elements. d) 200 elements around front,
50 elements around back.

Fig. 8 Effect of mesh refinement. Deformed shapes shown at 120 and
600 /is.

The load imperfections were introduced into the finite-ele-
ment calculations by numerically generating a set of random
normal strand displacements with a standard deviation of
1.5mm. This random set of strand displacements was then
used with Eq. (4) to give the fractional change in the load level
at each nodal location. The maximum fractional imperfection
in the load distribution in these calculations was 5.1%. The
dominant mode number of the load imperfections is approxi-
mately 20.

Finite-Element Analysis
The finite-element calculations were performed using the

DYNA3D computer code developed at Lawrence Livermore
National Laboratory.2 DYNA3D is an explicit three-dimen-
sional finite-element code for analyzing the large deformation
dynamic response of solids and structures. The equations of
motion are integrated in time using the central difference
method. Spatial discretization was achieved using four-node
Hughes-Liu3 shell elements. These elements use a reduced inte-
gration with an hourglass viscosity to control zero-energy
modes as implemented by Hallquist, Benson, and Goudreau.4

The material model used in these calculations is an elastic-
plastic model with a Mises yield function and associated flow
rule and combined linear isotropic/kinematic hardening.13 A
combination of 20% isotropic and 80% kinematic hardening
was chosen based on past experimental work on 6061-T6 alu-
minum structures. A parameter study showed that the effect of
the proportion of isotropic and kinematic hardening was small.

Parameters for the bilinear model used in the calculations
were based on quasistatic tensile tests of the material used in
the shell and ring construction. These tests showed that the
rolled sheet stock used in the shell and ring constructions was
nearly isotropic in the plane of the sheet. Figure 7 compares the
measured true stress-strain curve for the material and the bi-
linear approximation used in the finite-element calculations.
Some compromise was made in modeling the material near the
yield point to provide a good overall fit to the experimental
data.

Mesh Refinement
The dynamic pulse buckling in the ring and shell experiments

occurs at mode numbers between 35 and 50 on the loaded side
of the shell. Because of the short wavelength of these buckles,
a fine mesh around the circumference of the shell is required to
model the buckling response properly. To minimize the ele-
ments required for the three-dimensional shell calculation, we
first performed a mesh refinement study on a model of the ring
experiments. The finite-element model of the ring consisted of
a single circular row of shell elements constrained to plane
strain along the ring axis. For each calculation, the load was
cosine in distribution with a peak impulse intensity of 120 Pa-s.
Ring models were generated with 1024, 512, and 256 elements
uniformly distributed around the circumference. Each for-
mulation included the idealized random imperfections in the
radius of the ring in order to precipitate buckling.

The effect of mesh refinement is shown in Fig. 8, where the
predicted ring shapes at 120 and 600 /is are plotted for the
1024, 512, and 256 element rings (Figs. 8a-8c). Visual examina-
tion of the three calculations shows little difference between the
512- and 1024-element calculations, but a significant loss in the
details of response in the 256-element calculation.

Because the buckling occurs only on the loaded side of the
ring, a fourth model was generated that has 200 elements
across the loaded half of the ring and 50 elements around the
back half. This mesh gives a finer resolution in the region of the
buckling and uses fewer elements on the back where there is
less bending response. The deformed shape of this mesh at 120
and 600 /zs is shown in Fig. 8d. This fourth mesh reduces the
total number of elements in the ring to 250, but maintains
approximately 8 to 10 elements per buckle wavelength on the
front of the shell. The predicted response from this mesh is
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a) Idealized imperfections I. b) 10X idealized imperfections I.

c) 1/10X idealized imperfections I. d) Idealized imperfections II.

e) Measured shape imperfections. f) Measured shape imperfections
with estimated load imperfections.

Fig. 9 Sensitivity of buckling response to initial imperfections.
Deformed shapes shown at 120 and 600 /is.

a) Experiment.

b) Shell with idealized imperfections.

c) Shell with measured shape imperfections.

d) Shell with measured shape imperfections and estimated load imperfec-
tions.

Fig. 10 Deformed shape of shells; calculations shown at 600 /is.

nearly identical to the calculations using the 1024- and 512-
element meshes (Figs. 8a and 8b).

Sensitivity to Initial Imperfections
Six ring calculations were performed to investigate the effect

of imperfections on the buckling response. The imperfections
for the first calculation were generated using Eq. (1) for the
estimated imperfections with a first set of random modal phase
shifts. The deformed shapes at 120 and 600 fis for the ring with
this first set of idealized imperfections are shown in Fig. 9a.

To determine the effect of the amplitude of the imperfections
on the buckling response, we generated two more sets of imper-
fections. These imperfection distributions had the same set of
random modal phase shifts, but the amplitude of the imperfec-
tions was increased by an order of magnitude for the first set
and decreased by an order of magnitude for the second set. The
deformed shapes for the larger and smaller imperfection sets
are shown in Figs. 9b and 9c, respectively.

Comparison of these three calculations shows that the buck-
ling is sensitive to order-of-magnitude changes in the amplitude
of the imperfections. The deformed shape of the first ring at
120 /zs shown in Fig. 9a appears to be the closest approxima-
tion to the experimentally observed response in Fig. 2.

A fourth set of estimated imperfections was generated using
Eq. (1) with a new set of random modal phase shifts to study
the effect of the random phase shift selection on the buckling.
The deformed shape resulting from these new imperfections is
shown in Fig. 9d. Comparison with the calculation using the
first set of imperfections shows that, although the details of the
buckling changed, the buckling threshold, mode number, and
stress time histories of the response showed little change.

We performed two additional calculations on rings using the
shape imperfections measured in the shell. Only the shape im-
perfections were included in the first calculation shown in Fig.
9e. The buckling response in this calculation is suppressed
compared to the response of the ring with the idealized imper-
fections (Fig. 9a). The suppressed buckling response was ex-
pected because of the relative magnitude of the measured and
idealized imperfections shown in Fig. 5. The second calculation
included both the measured shape imperfections and the esti-
mated imperfections in the load distribution. The calculated
buckling response shown in Fig. 9f is more pronounced than
the buckling response of the measured imperfections alone
(Fig. 9e), but still suppressed in comparison with the response
of the ring with the idealized imperfections (Fig. 9a).

After comparing the measured shapes of the ring in the flash
x-ray experiment with the calculated shapes, we conclude that
both of the idealized shape imperfections lead to a response
similar to that observed in the experiments, although the
details of the calculation vary with the set of random phase
angles. The measured shape imperfections alone result in a
suppressed buckling response compared to the experiment. The
measured shape imperfections with the estimated load im-
perfections give better agreement with experiment. (Calcula-
tions with only the load imperfections did not show significant
buckling.)

Calculation of Shell Response
We made three calculations predicting the shell response

shown in Fig. 3. We used the idealized imperfection distribu-
tion in the first calculation without any load imperfections. The
second and third calculations used the measured shape of the
shell, first without any load imperfections and then with ideal-
ized load imperfections.

The finite-element models used to calculate the response of
the shell used the symmetry at the midplane of the shell to
reduce the size of the mesh by a factor of two. However, be-
cause of the random imperfections in the shell, no other plane
of symmetry exists in these calculations. The shell meshes were
generated with 200 elements around the front half of the shell
and 50 elements around the back half of the shell. The models
had 10 elements along the 7.6-cm half-length of the unsup-
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ported test region and 2 elements along the 5.1-cm end ring,
yielding a total of 3000 elements. The load produced by the
MDF was approximated by a step followed by an exponential
decay with a characteristic time of 30 ^s. The peak impulse
intensity at the 0 deg position was 210 Pa-s. All calculations
were run for a 600-^s problem time, during which time the
plastic deformation of the shell was completed.

The first shell calculation used the idealized shape imperfec-
tions defined by Eq. (1) and no imperfections in the load. The
predicted shell response is shown in Fig. lOb, along with the
corresponding photographs of the experiment, Fig. lOa. The
views shown are a side profile and an oblique view of one-half
of the shell. (The physical shell was cut in half after the exper-
iment.) The buckling mode number in the calculation is ap-
proximately 40, corresponding well to the experimentally
observed buckling mode number. To ease comparison between
analysis and experiment, Table 1 compares several measures of
response at the shell midplane: the dominant buckling mode
numbers, the average inward deflection, the peak-to-peak am-
plitude of the buckles, the maximum inward deflection, and the
axial strain. Because of the buckles, the magnitude of the axial
strain in the shell will vary with the circumferential location. In
this first calculation, the measured displacements are similar to
the calculated values. They are well within the estimated accu-
racy of the experiment (±15%), which includes the uncer-
tainty in impulse intensity and measurement error as well as the
random effects of the buckles.

In the second shell calculation, we used the measured shape
of the physical shell in generating the finite-element mesh, but
did not include the imperfections of the load. If only the shell
shape imperfections were important to response, the measured
and predicted deformed shapes should be similar for this calcu-
lation. The deformed shape of the shell calculation at 600 /zs is
shown in Fig. lOc. In this calculation, the predicted buckling
mode number is from 35 to 40, but the calculated shape does
not correspond well to experiment. Comparison of the mid-
plane responses given in Table 1 shows that the calculation
underestimates the displacements by about 30%.

The third shell calculation included both the measured shape
imperfections and the estimated imperfections in the load dis-
tribution calculated from Eq. (5). The predicted response of
the shell is shown by the deformed finite-element mesh in Fig.
lOd. In this calculation, the buckle mode number is again be-
tween 35 and 40. Table 1 gives the maximum peak-to-peak
deflection at the shell midplane and other response parameters.
This calculation shows better agreement between analysis and
experiment than the second calculation, but not quite as good

-0.01
0.1 0.2 0.3 0.4

TIME (s) x 10~3

0.5 0.6

Fig. 11 Axial strain at the shell midplane.

as that obtained with the first calculation. The errors in dis-
placement are within the experiment accuracy.

For the third calculation, Fig. 11 shows both the calculated
and measured axial strain histories at the shell midplane along
the 0 deg position. The calculated and measured strains show
the same features, indicating that the temporal history of the
response was similar in the experiment and the calculation. The
near-perfect agreement of the peak strains is fortuitous due to
the variations in the strain magnitude that occur with respect to
the buckling pattern.

Summary and Conclusions
Two experiments were performed in which a thin, unsup-

ported aluminum ring and a cylindrical shell with fixed ends
were subjected to an external impulsive load with a cosine
distribution. Both the ring and shell showed pulse buckling on
the loaded side with a buckle mode number of about 40. Dis-
placements in both experiments were large, and measured
strains in the shell experiment were about 6%.

Both the ring and shell experiments were modeled with the
DYNA3D finite-element code using a four-node shell Hughes-
Liu element. We found it necessary to include initial physical
shell imperfections to precipitate the buckling. An initial mesh
refinement study using a ring model showed that a good solu-
tion required at least 10 elements per anticipated buckle wave-
length. In addition, the solutions obtained were sensitive to the
distribution of imperfections in the shell. Order-of-magnitude
changes in imperfection magnitude produced large changes in
buckle amplitude.

Three calculations with a model of the shell were performed.
The first calculation, with a randomly generated idealized set of
imperfections, predicted the measured strains and displace-
ments to within the experimental accuracy. A second calcula-
tion that used the imperfections measured in the shell predicted
less deformation and resulted in poorer agreement with the
experiment. A final calculation using the measured imperfec-
tions and an estimate of the imperfections in load again pro-
duced agreement within the accuracy of the experiment.

These experiments and calculations highlight the importance
of including the correct initial imperfections in the calculation
of the dynamic pulse buckling of thin shells. Changes in the
initial shape and load distribution imperfections produced
noticeable changes in the solution. The optimum situation
when performing a dynamic buckling response calculation on
a thin shell is to incorporate the actual imperfections in the
shape and load distribution. These imperfections will vary with
the manufacturing process of the shell and the loading tech-
nique used. However, determination of the actual imperfec-
tions for every buckling calculation is not practical. An
alternative is to incorporate idealized shape imperfections
based on available data for thin cylindrical shells. These
generic imperfections produced reasonable results in this study
and should be a good approach for many calculations.

A further requirement for buckling calculations is the use of
a sufficiently fine finite-element mesh. Proper modeling of the
buckling response appears to require at least 10 elements per
buckle wavelength. An inherent danger in making dynamic
buckling calculations is that, if too few elements are used, the
buckling response will be suppressed. This risk is increased
when performing calculations without supporting experiments.
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